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1. INTRODUCTION

A NUMBER of distributions arising from m points, each possessing one
of k characters or colours, arranged at random on a line has been
discussed by the author in a previous communication (Iyer, 1948).
The distributions considered covered the cases of both free and non-
free sampling. In free sampling, the character of each point is
determined on the null hypothesxs independently of the character of
the other points. In non-free sampling the number of points possess-

 ing the different characters is fixed beforehand.

Owing to the limitations of the methods used before (lyer, 1948),
it was not.possible to discuss fully the limiting forms of the distributions
when k, the number of characters which the points could take, was
greater than two. In this paper, we shall discuss somewhat fully the
limiting forms of these distributions by obtaining the difference equa-
tions connecting the moment-generating functions (M.G.F.) of the
distributions for free sampling. For the sake of convenience, as in the
previous paper, we may describe the characters as colours, say black,
white, red, etc. The probabilities of the points taking the colours
black, white, red, etc., are py, p,, ps, - ..p, subject to the condition that
their sum is unity.

2. BLACK-BLACK JoOINS

The difference equation connecting the M.G.F.’s of this distribution
was obtained by Iyer (1948) by actually writing down the genéral
expression for the r-th factorial moment and substituting in the
M.G.F. We shall derive this equation by a new approach which is
simpler and which can. be used to obtain similar equatiofis for other
distributions of a complicated nature.

It has been established (Iyer, 1949) that the r-th factorial mon-wn-t
is r! multiplied by the expectation for r- black-black joins. Now
r black-black joins can be obtained from m points in the following
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independent ways: (i) all the r joins ‘belong to the last m — 1) points,

(i) (r — 1) joins belong to the last (m — 2) points while one join .

comes from the first two points, (iii) (» — 2) joins belong to the last
(m — 3) points; while the last three points give two joins, etc. This
means, the expectation of r black-black joins from m points is given by

& (r, m)-é’(/ 1n—1)+2p*+18(r—s,m—s~-l) (2.1)A

where é’() —s,m—s5—1) represents the expectatlon for (r — 5) joins
from (m —s — 1) points. Since

8 (rym) =l Y]
(2.1) reduces to
:U’,[r,m] — fi'[r,nw_l] , p ."L [resy m—s—1} . °~ - - r A
rl e A s N ey

We now note that

rl! T

1+9V’[1m]_+_glb[2m] 4 ﬁ,u[.m] L . ‘(2.,4).»

where 0= (¢! — 1) and M,, is the M.G.F. of the dlstrlbu’rlon for'

m points.

Substituting from (2.3) f'or Ity 10 (2.4), it reduces to
Mp= My + Op*M, s o+ M,y - 60 p"M,

EM — (119)'"-“1 .

=M, P29 E~pf M, 2.9

where E'M, = M, Operatihg both sides of (2:5) by (£ — pf), we get

(E — p8) (M, — my,_2) = p*0 {(E" 7 — (p8)"—} My, (2.6)
which reduces to a '

M mii —(L+pl) My +p (L —p) O M,_ =0, 2.7

singe M, = 0. .
3. BLACK-WHITE JOINS

Wisha‘rt‘and, Hirschfeld (1936) have obtained the difference equation

“of this distribution for the case of two colours. The methods used by
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them are rather complicated. We shall obtain the general expression
. for the distribution of black-white joins for points of &k colours.

As in the case of black-black joins, » black-white joins can be
selected from m points in the following ways which are all independent
of one another. They are (i) all the r joins belong to ‘the last (m — 1)
points, (ii) ( — 1) joins belong to the last (m — 2) points while the
first two points give one black-white join, (iii) ( — 2) joins come
from the last (m -—3) points with the first three points 01v1ng two'
black-whxte joins, etc. Thus :

8y m) =&, m — 1) + 25,9 8 (r — 25'+ 1,m — 25) ,
T+ 2ppy (Bt pe) € (=25, m — 25 — ). (3.1)

Therefore

:u’I[r,m] /"“ ~ [ron-1] _1_ 22])1 p" f’L [r-—.sLl, m—Zs]
Tl

r! (/ —~ 25 - 1)'
l)lsp" ([71_’_ p2) [’L [:_za m—2s— 1] S -
+2 eI (3.2)

) r—1 .
where s can take values from | to 2: of — according as r is even

or odd, and p; and p, are the. probabilities- of the points being black ot
white. . .

Setting this value of pf, m M,, we find that -
M= M, 2 2p p 0 Moy 2u Zppy’ (Pl—- ) 925 My s (3'3')'
This can be written as - ' \
M,— M,_ \= 2p.pe0 [E”"2+ PO E = (pypaf0)2 EM- 4 ] M,
+ o2 (014 p) 62 [E"5 4 pipa B4 T
. (.t ) 1:'"~' ] My

[2,”1[) 6Em+1’1[)2 (D17 Pz) g2 e ] M,

E7— p.p,f? Qe

!

Operating both sides of (3 4) by (E*— plpzez) the equatlon becomes
(“Ez__~ plPZgz) (Mm Alm—l) - -1)1/) 9 Mm+ [) /J" (pl+ /)2) 0 M =19
i.e., A/[m+2 Alm-{-l"_- ‘upl[)ng '}' ]71[)29 {(pl—T Pz_ 1) m=1"1 A{m} (3 S)
' 3
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When the points can take only two colours, p;+ p, = 1 and (3.5)
reduces to :

Mippo— M= pipaf 2 + 0) M, = 0. IR

This etj'udfion corresponds to the one given by Wishart and Hirschfeld
(1936). :

) ‘Equation (3.6) can also be obtained by the following procedure:
7 joins- from the m points can be considered to be made up of
(i).r joins from the last- (m — 1) points, (i) (+ — 1) joins from the

~ ladt(m — 2) points with one more join from the first two points, and

(m) (r + 2) joins from the last (m — 2) points with two joins from the

first three points. The expectations for items (i) and (ii) are & (r, m — 1)

and 2p,p.8 (r — 1, m — 2) respectively. Item (iii) oceurs only m the

cases (¢) and (b) shown below:

~

(r = 2) joins from (m-— 2) points

T N
XX X et e e e e e e e e e e
P1PaD: (a)
X X X s e oa e oo d e w6 e s e e .
- J
PsD1Ps h (b

= (r = 2) joins from (m ~ 2} points

(p, and p, represent the probabilities of the points being black and white).
_ Tt will be noted that p.p, is common in both (2) and (6). Since
(pi+ po) = 1, the expectation for (a) and (b) together is p;p,& (r — 2,
m — 2) Therefore, '

E@r,m =&, m— ])+2p1pzé°(r—1 m——2)

+I’1ng(’ - m__'?)y
ie. .

,ul[r,m] IJ’ [r m-—l] | F' fr—t, m—2] #’["-2‘,’”—2] ’ ’
—":! 2p1p2 (’ 1)| + [71172 (’, — 2)‘| . (3-8)

Substltutmg the above value of u',. ,,,] in M,, it can be seen that this '
reduces to

M

- A[m_.l IV 9 (’) = ﬂ) Mm 2 = 0. (39)

m
4, JOINS DETWEEN POINTS OF DIFFERENT COLOURS

© The "author '(1948) obtained the first and the second moments
for the distribution of the total number of joins between points of
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different colours by working out the non-free distributions for (i) {wo '
black and (m — 2) white points, (ii) one black, one white and (m — 2):
red points, and (iii) one black, one white, one red.and (m — 3) green
points. We shall obtain the first four cumulants by finding the
expectations for one, two, three and four joins.

The probability for a join betwcen two adjacent points belongmg
to different colours is /

Zpp, F>s o @.1)

For m points on a line there are (m — 1) ways .of obtamme a joir
between two adjacent points. Therefore the ﬁrst moment is
Hl‘ ol (e

p' =200 =) Zpp,. B!

i

The second factorial moment is twice the expectation for two
joins. Two joins between points of different colours can be formed
from (i) three consecutive points and (ii) four points partitiored into

~two groups each having two adjacent points, The probability for (i)

can be seen to be
‘ ‘ . A
(ZpPp,+6Zp,p,p) N )

The number of ways of selecting three consecutive poirts Trom i
points is (m — 2). Therefore, the expectation for (i) is

4.3)

(m —2) (Zp2p, + 62 p, p, py). G

The chance of obtdining a join between points of different coloursis
.22p, p,. Therefore, the probability of obtaining two independent joins
isd (2p, p)’. Now two independent joins can be founed from m pomts

m( 5 "’) ways. Therefore, the expectation for item (ii) is LRI

L

. N = 2 - .
T (m, ) 4(2p, p)". (45
He_nce ) - L
W= 20 —2) (Zpp, + 6 Zpp,p)+ 4 (m — 2 ( PP’y @ 6)'1

aud p, reduces to

2 (m - D (12) %2 (m —-2@) +12(m—2) (1.—-4 (3m - 5) (122,

(4.7)
where (21) and (1% stand for the symmetric funct10ns Z’p, 'p. and
Z'pl D . p, In py, po, ... Py respectively.
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The third factorial moment is 3! times the expectation for three
joins. Three 1oms can be obtained from (i) four consecutive joins,,
(ii) five points partmoned into two parts, and (iii) six points divided
into three groupﬁ of two ecach, The.probabilities for (i), (u) and
(m) dre

: 25y +‘62pﬁpspt +243p, p,pup)s @4
. @Zpp) (Zpip, + 6 S0, | (4.9)

and "+ : - '
| eIy " @0

respéctively. Note that the pxobabﬂltxes for (ii) and (iii) are calculated
by using ‘the results (4.1) and- (4.3).

The sum of the expectations for (i) (ii) and (iii) giyes

S e
i'3

+ (mZ_ 3) {2 (1); {(21)+6 (1.5)}

("5 3) pame. T @ o
"It can be «hown How - that
(m—l):1+6(m —-2)b+6(m—3)c +12(5—A2m)ab
+%(5—3m)a2—l—4(im—ll)a3 B (4 12)
where @ = 2 (1%), b={Q21) +6 (1”)} c={2(2) + 6 (212)+ 24 (1“)}

_ For the fourth factor1a1 moment, we e determine the expectatlon for
obtaining four joins. Four joins can be formed from (i) five conse-
cutive points, (ii) six points partitioned into two groups of two and
four and two sets of three adjacent points, (iii) seven points divided-
into three sets of two, two and three adjacent points and (iv) eight
points, divided into four groups of two points each. The probabxlmes

for (i), (i), (iii) and (iv) are
TG + 2319 + 36 @1%) T 12 221) + 5! 1y,
Y (19} 2.@) +6Q21%) + 24 (Y}, (2D +6 (13>}2
2 OHP e 6 (1%)} and {2 (1%)}* respectively.
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Note that the expectatlons for (i), (iii) -and (iv) are obtamed by Iusmg
4.1), 4.3) and (4.8). From these it can be seen . that - .

. “4f,”— on- ) a2 ("5 ) ac+ (’" 4) B3 )(12b+
(’” ) 4) at,  (4.13)

where dis the probablhty of having four joins from ﬁve adJacent pomts
The fourth cumulant can now be worked out and it reduces to

(m—'l)a+14(m—2)b+36(m—'3)c¢24(m—'4)d

: ——7(3m——5)a- 12(5m—16)b°—72(2m—5)ab .
— 24 (5m — 17) ac + 24 (5m — 11) a®+ 4 (15m~— 44) a%
—2(105m—279) a7 ‘ S CR L)

B. V. Sukhatme also has obtained the first four 'eumul‘ants for .this
distribution from the ﬁrst prmc1ples His paper will be published
shortly. : 2

We shall obtain now- the diﬂ'erence, equations satisfied by the
moment-generating-function. For the sake of simplicity let us confine
. our discussion in the first instance to the .case of three colours.

It has been pointed out before that r joins can be considered
to have been obtained in the following ‘independent ways: (i) all
the » joins belong to.the last (m — 1) points, (ii). ( — 1) joins belong
to the last (m — 2) points while the first two points give one join,
and (iii) the 'last (m — 2) points contain (r — 2) joins while the first
" three give two joins. The expectations for items (1) and (ii) are
&(r,m—1) and 2 (p,p,+ P2Pst papy) E(r — 1, m —2) respectively.
The expectation for (iii) can be evaluated by considering the different -
ways' of obtaining two joins from the first three points.' There arew
twelve different ways of having two joins from the first three Jomts
They are mdlcated below :

X X X - - Cxoxox g xx"x‘-‘-
(1. pr P2 1 @) »m Ps 1 M p2pspy |
B T xx x a X X x b) X% X Neen
@ more. (DO prn i QD & prp O

i xx4—'x' ’ . xx‘lev Cx x x
(3 P PPy (6) ps p1ops . (9 ps.p: ps
i X ~X X ) ’

‘I X ‘X x X X X '
(0 popipy 0 (D pypipy o (1) pepapy
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“1n- the above ﬁoure [)1, ps and p3 “stand for black, vsh1te and red
points. 1t -will be observed that p;ps, p1Ps and pyp; are common in'
the sets (a), (b) and (¢) respectively. .Further the last points in the
sets (a), (b) and (c) are p;, p, and ps.  Since py -+ p, +py =1, the
expectation fer » joins from the arrangements of the first three pomts
shown in the configurations 1 to 9 above is

. Ap1pe +P°P3 +P3P1) E(r —2,m~2)."

We have now to consider the expectation for r.joins when the ﬁrst

' three points “are arranged as in (10), (11) and (12), excluding all the
cases included in (i) and (ii), and. also in ((1) (b) and (¢). -Jt can

‘easily be seen that such cases arise only when the fourth point of the -
arrangements beginning *with (10), (11) and (12) gives three joins.
The different ways of obtaining three joins from four points based on
the arrangements in (10), (11) and (17) are as shown below

X OX. X X . X X X X . X X X X

AN | D pppn | Q2D ppne |
X X X X - X X X X xxxx

(10.2) p. py Ps P2 c (11.2) P3P1P2Ps (12-2) Ps P2 P1Ps

The first three pomts of the above arrangements contain points of
all colours, p;, p, and p,. Considering the fourth pomt D1, P2 and
P occur each twice. Hence the expectation of r joins from’ configura- -
-tions' beginning with (10), (11) and (]7) is

o ) 2p1p2p3 & (l' —3,m— 3).

. T

Thus we obtam
Z} AHE

o TR ’ S o

(" S :
+2prpqp3 ‘(j“-* 3"')—,3] S .;‘f'(g.'m)

Subsﬁfuting this value in M, we get S

My~ My 1= 20My s 5p,py - O Moy o Zp, Pt 20°ispsM (4.15)

The same argumient will give srmrlar difference equatrons for four
or more colours also. Before writing down the- general expression for
k colours in order to give a clearet, idea of the arguments used above,
the equatron for four colours is aldo.‘dbtained in detail. .

Let the points take any one of four ‘colours, say black, white, red
-and green” with probablhtres P1s P2 pa and Py We shall express the
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- expectation for r joins from m points in terms of the distributions arising
from (m — 1), (m —.2) and lower number of points. Now r joins
can be obtained from m pomte in the followmg ways which are all
different from one another:
m—1) points, (i) (r — 1) joins belong to the last.(m — 2) points,
while the first two points give one join, and (iii) the first three pomts
give two joins and the last (m — 2) points contain (# — 2) joins,
The expectations for (i) and (ii) are & (r, m — 1) and 22p,p, & (r = 1,
m — 2) respectively. To obtain the expectation of (iii), which is
rather complicated, we proceed as follows: There are 36 arrangéments
which give two joins from the first three points and (r — 2) joins
- from the last (m — 2) points: They ‘may be split up in the manner
indicated below:

X X X % x x . \

0y P1.P2 Py (5) pLps P, (9) p1Ps 1 (13) P2Ps Py
X X X X X X X ‘X X

(2) 2P P> | A) (6) pypsps- (B) (10) pll Ps P» ©) (14 Pa Pa Pz
X X .X X X' X X X X .

(3) PLp2Ps () psp:ps. a1 py Py Ps E (15) P%I’z D.z
x X X X X x . X X X- |

(4) pLpePy 7 ®) P1Ps s (1) ppipy ) (6 ng)a Py
x x x ’ X X X X X X ‘ :

(I7) P2 P 1 1) pspy Py (25) P2 L s (29) p4 p1 po;
¥ x x . X x x X x x X x x,’

(18) PePaPr | gy (22) ps pa P2 (F)‘(26) P2 D1 Py (30) ps p1 Py

X x X

(]9) y 2 P4 Ps

X
0) ps by

. X X X
(33) ps P2 Ps

X XX

X X X
(23) p3 ps P
X X . X
(24) pyps

(34) ps P2 Py

: X X X
~(27) py 1 Py

X X X
(28) ps P; Py

. X X x
(35) Py P3Py

X X X

) X X X-
(31) PaPs P’

XX X

(32) P.; 172 Pr

o X .x,i.,
(36) Ps P3Py,

(i) all the r joins belong to the last -

(D)

The arrangements A, B, C, D,E and F have P1Pss P1Dss pl'p,l, PoDs, PaPs -

and p,p, respectively as the first two points, also p, ps, ps and p, occur.

in each of the sets, Therefore the expectation for » _]oms from the
conﬁguratlons shown in A, B, €, D, E and F is (Zp,p) é’(r —2,
m —2). We have now to consider the remammv twelve (25-36)
arrangements. ‘Each of them-can give three joins with a fourth-point
adjacent to them in three ways. There are thus another 36 arrange-

ments in which the first four points contain thiree joins while the °
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remaining (m — 3) points give (r — 3) joins.” We group these arrange-
ments as. follows:

X X X X X X X X X X X X X X X X
P2 P P3Py P31 P2 D P2 PPy D1 PaPrPaDy
R 4 X X X. X X X X X X X X X X X X
PsP1P3sPa-  P3PoP1De P2 Dy Py Pe Dy Do I 21 D2
X X X X X X x X. X X X X X X X X
P3PrpP: P3 P3 D2 P1 Ps PePrPiPs - Py P1PaPs
X X X X . X X X X X X X X X X X X
P2 P1 P3Py PP P2 Py Py PL P Py Py P1 P2 Dy
' 1 1
X X X X X X X X XX X X X X X X
PsP1 Py Py PsP1PsP Pa Pe Ps P3Po Py 1
X X X X X Xx X X X X X. X X XA X X
PaP1 Py Do DPi P1 D3 P2 Pa P2 P3 p> Ps P2 Py Do
' X X X X X X X X ‘ ) X X X X X X X X
PaP1Pi ps~ DPaP3DiPs PaDa Py s Ds P3 Pa Ps
X X X X X X X X X X x X X X X X
Py P1 Pa Py Pa P3P1 Py Ps P2 P3 Py Py P3 P2 Py
o v B
. . - X X X X X X X X X X X X X .X X X
N papy Py Da Pa Pe P1 D3 Ps P3P Py

Pa P3 P1 P2
V. '

Tt is obvious that the expectation for r joins for the arrangements
commencing with those indicated in T, II, IlL and IV is 2 (p,psps-+ pipep,
“+ PiPsPst popsps) € (r — 3, m — 3). We are now left with the con-
figurations shown in V. .Each of them can give four joins in three
'ways with a fifth point adjoining them. These configurations are given
below: -
X X 3

X, X X %X Xy T % x x X X X X x

PaPaPyL Py 1

X X X X X

.. P3P2 P Py Do

Tx X X X X%

CPs P2 PPy P

XX X LXL X

PPspaPiPs)

Pa P2 Py Ps D1

X X X X X

Pi P2 P1 Py P2

X X X X X

Di D3 Pa D1 Ps)

X X X x X

Pa P2 P PspPy/ 7

CPaPa Py Py Py

X X X .X X

Py P3 P2 D1 P2

X X X X x

~ PaPaP1Daps

X. X X X x

PiPspyPepy)
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The e.xpect‘ation of » joins'for the arrangements commencing with
. those shown in (X), (Y) and (Z) is 3p,pepspy 8 (r — 4, m — 4). From
the above d1>cu>snon it is obvious that

- d3(’ my== 8 (r, m—l)—{-2é°(r——1 m—-2)Zp, p, +
+ 8 —2m—2)5pp, +28( ~3,m—3)
2P, Py Py 38 (r — 4, m — 4) pipapop, . (4.16)

We get therefore that

f'b {rm] __/“" [» m 1] © [r-1, m—l]
'| +2‘—’prps (’ 1)| +

PL [r-2, m=2] ‘LL [r-3, m—3] 1 ;.ul[r_-‘i. 4] i
T + 23000 NG 3P1P2P?P4 o= @10

Substituting this value of the r-th factorial moment in M,, we find
that .

M A= M 20Mm 22prpe + 0 A/[m—..zprpe_ll" 20 Eprpspt
4 36¢ pmommM,,.- . (4.18)

"By proceeding in this manner, it can be-shown that the differencé
equation for %k colours rcduces to the form - .

M, — Mm = 2aM, ot $ - ”a

=2.

M, . (4.19)

where @, stands for (17), the monomial symmetric function of degree
rin P pis e -Pr-

} ) 5. TRiPLETS, QUADRUPLETS, ETC.

We may define. triplets, quadruplets . . . . s-plets as sets of three,
four . ...s adjacent points of a specified colour. The factorial moments
for the distribution of the s-plet both for free and non-free sampling
have been obtained by B. V. Sukhatme (1950). The difference equations
satisfied by the M.G.F.’s of these distributions are derived in this
section. -+ . '

. Tripiet‘s. r triplets from m points can be considered to be-
composed of (i) » triplets from (m — 1) points, (ii) one triplet from
the first three points, plus (r — 1) tripléts from the remaining (m — 3)
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points, (iii) two triplets from the first four points with (r —2) of
them from the remaining (m — 4) points, (iv) three or two triplets
taken in such a way as to include the first five points and (r — 3) or
(r — 2) triplets from the last (m — 5) points, (v) four or three triplets
covering the first six points and (» — 4) or (r — 3) triplets from the
remaining (m — 6) points and so on. When we consider the first

(s +2) pomts 1t is possible to have s, (s — 1) (s — ( + 1)

_6r (S _!2— 1) triplets according as s is even or odd, covering all the (s+2) -

points. The number of ways of having (s — k) triplets from (s 4 2)
points is (s N ]1‘_—](). This statement- is illustrated below. Let

i

there be eleven points on a line.

1 3 5 7 9
|

| |
»x_)l(xl)fxxxxxxx

The maximum number of triplets that can be obtained from eleven
points is nine. Suppose we want to find the number of ways of
having six triplets, which connect all the eleven points. This can be
achieved by removing three of the seven 2-8 triplets in such a manner
that the six triplets left should have all the eleven pomts distributed
among them. Thkis can be done by removing three triplets from
2-8 satisfying .the condition that no two of them are adjoining ones.
The number of ways of removing three triplets subject to this restric-

tion is (g) 'Thus‘(g) is the number of ways of having six triplets
connecting the eleven points.

Hence we find that
¢ o 1 — k
/L%'"‘]—é’(/ m) = & (», m~1)+Z‘p3+><Z’< )
E(r—s+hkm—s—2), . I (5.1
where the second summation exténds from & = 0 to the greatest integer

“less than (s — 1)1. Substituting the above value of 4’y ,,; in the moment-
generating-function for the d;qmbutlon of triplets, it reduces to
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M

m

M= e {z (S T ") 0-*"“} My,
X s=1' ok o0y T

o ps_e [Em_-3+ ])0 (Em—4 + pEm—.';) +P202 (E”i{_5

’ + 2pE™-S + p2E,j1_%)”§' poes (Em-u.'_%_ 3pE™T 4 3].)2Em._8
+ PSE™) .. PO '{;E'"—*'wr- (f) pE"--4
+(;) pRE"—". } 1M,

= PP [E™+ pO (1-+ pE™) E"=*+ p*6* (L o pE™Y? E"=
P38 (1 pE-) B0 ... p'@' (1 + pE-1y Em—s
e R0 (L pEY M, |

E"*—{pf (1 + pE- "
£ —pb (1 +pE™).

Operating both besides by ‘E — pb (1 + pE™Y the above equation-
reduces to

Mo — (1 +50) My + D90M s+ PgOM s =0, (5.3)

- pae M, (5.2)

Quadruplets. A ‘similar method will give the dxﬂ‘erence equation
satisfied by the M.G.F.’s of the distribution of quadruplets and
s-plets.” But ‘the derivation becomes more and more complicated.
For the sake of clarifying the principles used in this: analysxs the-
dlfference equation ‘for the quadruplets also is derived in detail.

As in triplets, we shall set out the different ways of obtaining
.r quadruplets from m points. Now.r quadruplets can be considered
to be made up of (i) r' quadruplets from the. last (m — 1) points,
(ii) one quadruplet from the first four points and (r— 1) of them from
the last (m — 4) points, (iii) (» — 2) quadruplets from the last (m — 5)
points and two_from the first five points, (iv) (r —3) or (r—2)
quadruplets from the last (m — 6) points with three and two respec- -
tively from the first six points, (v) (r —4) or (r —3) or (r —2)
quadrup]ets from the last (m — 7) points, with four, three or two
respectlvely from the first seven points and so on. '

The number of ways of obtammg (s — k) quadruplets from (s+ ’%)_

(kk_x,t)_ o ‘ __ “(.5._4)‘
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The condition to be satisfied here is that no three of the quadruplets :
removed can be .adjoining: ones. It will now follow that

. F’[r,m'! _I“l’[r,m—l] . 3+3. ! I S"‘k""] k—‘[
'..r_’t! o +§ p [ o {t,fo,(. k—‘t,)(,' r )}

W lr ot me 03] o
e —-s—}—k)':l | 6
where k extends from 0 to the greatest mteger less than Z (S'; l.)_

Usmg this value it can. be seen that
: Mm_ ‘Mm—l 40 [Em_4+ pﬁ (1 —{—pE—1+ p“F—?) E™-s .
tpe(l + pE 4 pPE-? E" +o My

_ PM[E™S — (p0 (14 pEL g pEAP
. E — p0 (1 —l—])E—l —I—p2E"2) - 0

Operatmg both’ sides by E pé (1 + pE—1 + sz*z) we get
m+1 (1 +p9) m+ pqu,,,_1+P qoMm—- +P anm-S“‘ 0 (s 6)

It can. be.seen. now that the difference equation for an v-pTet f.e.,
a’ set contammg s pomts of a spec1ﬁed character is

M, — Mm (1 Tpﬁ) +pq9 'y M, =0, (5.7
N . r=1 " N

© . 6. Brack RUNsor LENGTH l

_The first and the second moments for free sampling have been
given by Mood (1940). The second moment given by Mood is not
correct. The cdrrect moment is’

2 B3 (m — 21 2) pgE (m — 20— 2) (= 21— 3) pPig]
+20'q + (m' — 1 — D ' — [2p'q + (m — 1 — 1) p'g?]~.

 The .higher- moments of this diétribuﬁon for both free and non-free

- sampling have been obtained by B. V. Sukhatme (1950). We shall
derive the drﬁerence equatlon satrsﬁed by the M.G.F’s of this distri-
‘bution. :

] FolloWing the airguments-used in the previous sections,
-can be formed from m point_s in the following ways;.
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(i) All the runs are distributed in the last (m — 1) points,
(i) (- — 1) runs belong to the last (m — r — 2) points and one run
preceded and followed by points of different colours belong to (r + 2)
points in the beginning [runs formed from (r + 1) points are not to be
considered because such configurations are included in the (r — 1)
. runs considered from (m — r — 2) points], (iif) (» — 2) runs are distri-
buted in the (m — 2r — 3) points while two runs are obtained from the
first (2r 4~ 3) points and so on. From this consideration, it will
vfollow that : : :

M M’"—’-: 2 p~18qs+‘1 4 M.'!!—lsTs-u I (6 1)

where s extends from | to the lowest integer greater than s//. Using
the operator E, (6 1) reduces to

Mm+l+1. m+l qu +pl+lq0Mm 1= 0. - (6'2)
- -7. Runs oF LENGTH l OR ‘MORE

Mood (1940) has derived the first and the second moments of these
distributions. Mosteller (1941) has obtained the probability of getting
runs of length / or more for two kinds of elements, The method
developed by the author (1949) is used here to obtam the factorlal
moments and the M.G.F. of this distribution. . : '

The first moment is the expectation for a run of lcnglh -/ or mote,
A black-tun of length / or more can be formed from (i) the first
/ black points and (ii) / black points followed or preceded by a white
point. There.is only one way of obtaining (1); while (ii) catt be had
in (m'— ) ways. Therefore, the expectation, w,” for a black-run of
length / or nio;e is . '

‘ B o= P (m — 1) p'q. - (1.
, The expectation for two runs-of length / or more is —5#;[2,",]. Two
black-runs of length / or more can be obtained-in the following ways:

(i) from 2/ black points with a white point in the centre and (ii) 21 ,
black points w1th two whlte points as shown below:

Dots and crosses represent black and white points respectively. Tt
can. be easily seen that the expectations for (i) and (ii) are

(m — 20 p*'q and (m—; 21) p¥q* respectively.



i56 iQURNAL'BF THE INDIAN' SOCIETY OF AC.}RiCULK’I?{Ji{AL-S&"ATiSTI:CS’
Therefore :
;mm=um«Mﬁw+w—Zwa R ()

The above expressmn differs from that given by Mood (1940). ‘The
‘third factorial moment is 3! times the expectation for three runs of
length / or -more. Three such runs can be obtamed only in the
following two ways shown below:

----- X+'e o px e e - (1) 3/black points and two white points -
I .'_.x;.x ..... ; x.. PR ) I black points and three whlte
¢ Y 7 points. :

The: expectations for (l)and (2) are .
(m-:—z 31) pigtt a_’nd'(lm; 31) pgd res;ﬁéétively. o

Hence - ‘ . .' . .
" W ismg= 3 (m'— 3D p}”.qa’—}—-'(m — 3 pilgs 1.3y
' S1m11arly the 4th factorlal moment works out to

W, ml— 4 (m = 41)(3’ P“q + (m = 41)“’ 174!61l o ) (74)
The r-th factorlal moment is - . B . ‘

W= (= ) ”+W—Wﬁﬂf“ e
| The difference equatlon satlsﬁed by the M. G F s IS ‘ - _
‘ M, — My — qHMM_z-l =0 A (1.6
It is poss{blé to have r runs of length / in m points as folléws :--(ib'l-;!ll .
the r runs belong to the last (m — 1) points and (i) (- — 1).Tuns
. belong, to the last (m — ! —1). points- while one run preceded or
succeeded by a white point comes from the ﬁrst (l + 1) points. Thus

& (r, m)-—é’(r m—l)—l—pqé“(r—l m—-l——l),

. i'?" n“' ’[r‘m] f"L [:r;n_l] _L p q l‘(’l; [r_-l],)n'—l-ll ' T . ) (7 7)

This w111 be ev1dent from (7. 5) also. ‘



;I‘i'lEORY OF PROBABILITY DISTRIBUTIONS OF POINTS ON A LINE—I 157

- When [ = 1, the above distribution reduces to that of the number
of black runs. This distribution -has already been discussed by the
author (1948) by a different approach. The factorial moments reduce
to the following: )

wn,m=m—10pg+p, . ‘ : (7.8)
Bz, =2 (m — 2) pPq + (m — 2)® p¢?, _ (1.9)
Wi m= 3 (m — 3)® piq® 4 (m — 3)® p*¢®, . (7.10)
B, 3= 4 (m — 4P pig? + (m — 9 pig*- A (7.11)

The_) cumulants obtained from the above moments agtee with those
given by the author“(1948). The moments for non-free sampling can
be obtained from those for free sampling by substituting

() 5 ()
n ' ny ‘s
—qrr— for p'g’.

1t rﬁay also be noted that.the M.G.F. difference equation for the
" distribution of the number of black runs is '

M, — M, — Pqum_‘a: 0. ’ _ (712)

8. ToraL NUMBER OF BLACK-BLACK AND BLACK-WHITE
JoINs FOR Two COLOURS

The factoridl moments dnd the difference equations satisfied by
the M.G.F.%s of the distributions for black-black and black-white joins
have been obtained in earlier sections. It may sometimes be desirable
to develop some statistical tests on the basis of both these distributions
together. The first and -the second factorial noments and the difference
equations for the distribution of the total number of black-black and
black-white joins are given below:

W= (m—1Dp(l+q) (8.1)

K'ee, ,,,]— 2m—=Dp(l+pg)+m=2)°[p( +9]* (8.2
m (1 J_'pg) Mm—-L (19 (1 + 0) Mm—z_ 0 (6 3)

The difference equation has been obtained by the method described
in the latter part,of Section 2.

9. . ToraL. NUMBER OF BLACK AND WHITE RUNS OF LENGTH § -

Tt has not been possible to obtain the M.G.F. differencé equatioAn
for this -distribution. However, the first two factorial moments are
given here.
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W= 200 (P @) (m — 5 — D) p? (P F ) (9.1)
@’[._,, = 61)24?' (P24 g2 + 6 (m — 25 — 2) poq® (P34 ¢=7%).
+ (m— 25— 2)@ plgt (P>~ 4 ¢ + 220"+ 4 (m— 25— 1)
PGt (m — 25 — 2)'P prEgetEy - (9.2)

10. ToraL NUMBER OF BLACK AND WHITE RUNS
OF LENGTH § OR MORE :

The M.G.F. difference equation of this distribution also has not
yet been obtained. The author hopes to obtain them soon. The
first and the second factorial moments reduce to the following
expressions g

=0 +4) + (n—8)pg (¢ o (10.1)
M, m= 2 2 (m — 25) pg (P14 ¢ + (m — 25)® g ’
(P24 ¢"7) + 4 (m =2 + D g’ ,
+2(m— ZS)("’ gt : - (10.2)
. Sllbét{tuting § = 1, (10. 1)"a[1d (10.2) reduce to

F"’[L,m]= 2 (m—1)pq + L, . ? - (103)

and
w Tzoad T 2(m—=2)pq -2 (m — 2 p g
+4(m—1)pg+2(m— 7)(7) P

=203m—4) pg + 4 (m - 2)? pq® (10.4).

From this u, reduces to the same expression as the one given by thc_

author in a previous communication (1948).

_11. DISCUSSION ON THE LimiTING ForMs oF THE DISTRIBUTIONS

The difference equations satxsﬁed by the M.G.F.’s of the various
distributions take the form

Mm Mn+1+ 0 2 f (0) Mm- 0, ) ) » (11 1)

§=

Wheref () is a function in § = ¢'— 1. The solution of this equatlon is

"

(o)

M, = )J ¢ , - (11 7)
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where ¢,’s are constants and a,’s are the roots of the equation

f(f))x 2o (11.3)

xk _ xk

” M

‘The -above equation has all the rqots, excepting one, zero when #= 0.
Let this non-zero root be a;. Now the r-th cumulant, «,, is’

JORTAE
(4 (dmoo{w()() e

.+._"}+(df)legcl}. S (11 4)

Since a,, a;, ay4. .. are zero when 6 =0, «, is a linear expression in
m when » < m. Thus all the cumulants of the distributions are linear
expressions in m and therefore the ’s tend to the limit zero when
m tends to infinity. Hence the distributions tend to the normal form
when m tends to infinity. It may, however, be observed that when
the probability of the points taking the colours black, white, etc.,
very -small, the distributions like those of black-black, black- whlte
joins, etc., will tend to the Poisson form. Sukhatme, B. V. .(1950)
will dxscus> in detail the values of m and p for which these distributions
can be assumed to be normal for all practical purposes.

.12, SUMMARY

By usmg certain special methods developed by the author, the
moments and the difference equations satisfied by the M.G.F.’s of
a number of distributions that arise from m points possessing one of
k characters or colours arranged at random on a line have been
discussed in this paper. The distributions considered are (i) the
number of joins between adjacent points of the same or different
colours, (ii) total number of runs of a given length or more for one

~or two specified characters or colours. It has been shown that all
the distributions, excepting in cases where the probability of the points
assuming a specified colour is very small, tend to the normal form when -
m tends to infinity.
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